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1. Introduction
Let Zn be the set of 0–1 matrices of order n and k be a given positive integer. We deﬁne
Γ (n, k) =
{
A ∈ Zn|Ak ∈ Zn
}
.
We use f (A) to mean the number of ones in the entries of a matrix A. Intuitively, if a 0–1 matrix has
too many ones, its powers cannot still be 0–1 matrices. In 2007, Zhan posed the following problem at
a seminar:
Problem 1. For given positive integers n, k, determine
F(n, k) = max{f (A)|A ∈ Γ (n, k)}
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and determine those matrices that attain this maximum number.
For an equivalent graph-theoretic interpretation of Problem1 see [1]. Denote by Jr,s the r × smatrix
with all entries equal to 1 and write Jr for Jr,r . It is easy to see that F(n, 1) = n2 and the unique
maximizing matrix is Jn. In this paper, we solve the case k = 2 of Zhan’s problem. Huang and Zhan
have solved the case k n − 1 of Problem 1 [1].
2. Main results
For 1 k n, we deﬁneQkn = {(i1, i2, . . . , ik)|1 i1 < i2 < · · · < ik  n}. We denote the s × t sub-
matrix of anm × nmatrix A formed by selecting the i1th, i2th,. . . ,isth rows and the j1th, j2th,. . . ,jtth
columns of A by A[i1, i2, . . . , is|j1, j2, . . . , jt]. If i1, i2, . . . , is (or j1, j2, . . . , jt) are consecutive integers,
i1, i2, . . . , is(or j1, j2, . . . , jt) is abbreviated to i1 : is(or j1 : jt). In particular, 1, 2, . . . , n is abbreviated to
1 : n or just a colon “:”.
Let SZn be the set of symmetric 0–1 matrices of order n. When A is symmetric, it is easy to get the
following theorem.
Theorem 1. Let A ∈ SZn. If A2 ∈ SZn, then f (A) n. Equality holds if and only if A is a symmetric permu-
tation matrix.
Proof. Let A, A2 ∈ SZn. Then A2[i|i] is equal to the number of ones of the ith row of A for i = 1, 2, . . . , n
and A2[i|i] = 0 or 1. Then f (A) = ∑ni=1 A2[i|i] n, and f (A) = n iff A2[i|i] = 1 for each i = 1, 2, . . . , n,
i.e., each row thus each column of A has exactly one 1, i.e., A is a symmetric permutation matrix. 
Now we consider the general case. For two real matrices A, B of the same order, we use A B to
mean that A − B is entrywise nonnegative.
Lemma 1. Let A ∈ Γ (n, k). Then for each integer l = 0, 1, 2, . . . , f (A) − 1 there exists a B ∈ Γ (n, k) such
that f (B) = l.
Proof. For each integer l = 0, 1, 2, . . . , f (A) − 1, we can get a B ∈ Zn satisfying f (B) = l by changing
any f (A) − l ones of A to 0’s. Then Ak  Bk . Since Ak ∈ Zn, Bk ∈ Zn. 
Let A and B be n × n matrices. We say A is permutation similar to B if there exists an n × n per-
mutation matrix P such that P−1AP = B. F(n, k) is invariant under permutation similarity transforms
and transposition. Therefore, by Lemma 1 and the observation above, a 0–1matrix A ∈ Γ (n, k) can be
obtained from themaximizingmatrices by the three operations: changing some1’s to 0’s, permutation
similarity transforms, or transposition. But as seen in Section 3, not every A ∈ Γ (n, k) can be obtained
by the maximizing matrices using these three operations.
Observation 1. Suppose A ∈ Γ (n, 2). If ai,j1 = ai,j2 = · · · = ai,jk = 1, where 1 i n and 1 j1 <
j2 < · · · < jk  n, then each column of A[j1, j2, . . . , jk| :] has at most one 1. We have f (A[j1, j2,
. . . , jk| :]) n, and equality holds if and only if each column of A[j1, j2, . . . , jk| :] has exactly one 1.
This observation will help us to determine F(n, 2). We also need the following lemma.
Lemma 2. Suppose A ∈ Γ (n, 2),α ∈ Qmn , where 1 < m < n. If each row of A[α| :] hasmore than n2 ones,
then each row of A[: |α] has at most one 1.
Proof. If each row of A[α| :] B = (bij) has more than n2 ones, then for every pair of row indices i1, i2
of Bwith 1 i1 < i2 m, there exists a positive integer lwith 1 l n such that bi1 ,l = bi2 ,l = 1. Thus,
each row of A[: |α] has at most one 1 by Observation 1. 
H. Wu / Linear Algebra and its Applications 432 (2010) 2909–2924 2911
Denote by 0r,s the r × s matrix with all entries equal to 0 and write 0r for 0r,r . Denote by es the
s × 1 vector with all entries equal to 1. We write a permutation matrix of order s as Ps and write an
identity matrix of order t as It .
Some matrices in Theorem 2 below are partitioned into several submatrices. Let A be an n × n
matrix, andBbea r × s submatrix ofA. If r  0or s 0, thenweassumeB is not present for convenience.
Theorem 2. Let A ∈ Γ (n, 2). Then
f (A)
⎧⎪⎨
⎪⎩
n2+4n−1
4
, if n is odd,
n2+4n−4
4
, if n is even and n /= 4,
8, if n = 4.
If n is odd, equality holds if and only if A or AT is permutation similar to⎛
⎜⎜⎜⎜⎜⎝
1 J1, n−1
2
01, n−1
2
0 n−1
2
,1 0 n−1
2
P n−1
2
Js,1 Js, n−1
2
0s 0s, n−1
2
−s
0 n−1
2
−s,1 J n−1
2
−s, n−1
2
X 0 n−1
2
−s
⎞
⎟⎟⎟⎟⎟⎠ ,
where X is an
(
n−1
2
− s
)
× s 0–1matrix each row of which has exactly one 1, and P n−1
2
is a permutation
matrix of order n−1
2
, 1 s n−1
2
.
If n = 2, f (A) = 2 if and only if A or AT is permutation similar to(
1 0
0 1
)
, or
(
0 1
1 0
)
, or
(
1 1
0 0
)
.
If n = 4, f (A) = 8 if and only if A is permutation similar to
⎛
⎝1 1 0 00 0 1 1
1 1 0 0
0 0 1 1
⎞
⎠.
If n = 6, f (A) = 14 if and only if A or AT is permutation similar to⎛
⎜⎜⎜⎜⎜⎜⎝
1 1 1 0 0 0
0 0 0 1 1 0
0 0 0 0 0 1
a1 1 1 0 0 1 − a1
0 0 0 a2 1 1 − a2
a3 a4 1 1 − a3 1 − a4 0
⎞
⎟⎟⎟⎟⎟⎟⎠
, or
⎛
⎜⎜⎜⎜⎜⎜⎝
1 1 1 0 0 0
0 0 0 1 1 0
0 0 0 0 0 1
0 0 1 1 1 0
1 1 0 0 0 0
a5 1 1 0 1 − a5 0
⎞
⎟⎟⎟⎟⎟⎟⎠
,
where a1, a2, a3, a4, a5 ∈ {0, 1}, but if a1 = 0 then a2 = a3 = a4 = 1, and if a2 = 0 then a1 = a4 = 1;
or A or AT is permutation similar to⎛
⎜⎜⎜⎜⎝
1 J1,3 01,2
03,1 03
P2
01,2
Js,1 Js,3 0s 0s,2−s
02−s,1 J2−s,3 X 02−s
⎞
⎟⎟⎟⎟⎠ ,
where each row of the (2 − s) × s matrix X has exactly one 1, and P2 is a permutation matrix of order 2,
s = 1 or 2; or A or AT is permutation similar to⎛
⎜⎜⎜⎝
02 J2,s J2,4−s−t J2,t
P2
0s X 0s,t
04−s−t,s 04−s−t 04−s−t,t
02 Y 0t,4−s−t Z
⎞
⎟⎟⎟⎠ ,
where each column of the s × (4 − s − t) 0–1matrix X, the t × s 0–1matrix Y and the t × t 0–1matrix
Z has exactly one 1, and P2 is a permutation matrix of order 2, s, t = 1 or 2.
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If n is even and n 8, equality holds if and only if A or AT is permutation similar to⎛
⎜⎜⎜⎜⎜⎜⎝
1 J1, n
2
01, n
2
−1
0 n
2
,1 0 n
2
P n
2
−1
01, n
2
−1
Js,1 Js, n
2
0s 0s, n
2
−1−s
0 n
2
−1−s,1 J n
2
−1−s, n
2
X 0 n
2
−1−s
⎞
⎟⎟⎟⎟⎟⎟⎠
,
where each row of the
(
n
2
− 1 − s
)
× s matrix X has exactly one 1, and P n
2
−1 is a permutation matrix of
order n
2
− 1, 1 s n
2
− 1; or A or AT is permutation similar to⎛
⎜⎜⎜⎜⎝
0 n
2
−1 J n2−1,s J n2−1, n2+1−s−t J n2−1,t
P n
2
−1
0s X 0s,t
0 n
2
+1−s−t,s 0 n
2
+1−s−t 0 n
2
+1−s−t,t
02, n
2
−1 Y 0t, n2+1−s−t Z
⎞
⎟⎟⎟⎟⎠ ,
where each column of the s ×
(
n
2
+ 1 − s − t
)
0–1 matrix X, the t × s 0–1 matrix Y and the t × t 0–1
matrix Z has exactly one 1, and P n
2
−1 is a permutation matrix of order n2 − 1, 1 s n2 − 1, t = 1 or 2.
Proof. Suppose A = (aij) ∈ Zn\{0n}, A2 ∈ Zn and the ith (1 i n) row of A contains the maximal
number of ones, say k (1 k n).
If k = 1, then f (A) n, and f (A) = n if and only if each row of A has exactly one 1.
If k = n, then A has a rowwith entries all equal to 1 and the other n − 1 rows have to be zero rows
by Observation 1. Thus f (A) = n.
When n = 1, f (A) 1, and f (A) = 1 if and only if A = (1). When n = 2, k = 1 or 2. Then f (A) 2
and f (A) = 2 if and only if A or AT is permutation similar to(
1 0
0 1
)
, or
(
0 1
1 0
)
, or
(
1 1
0 0
)
.
Next we consider the case 2 k n − 1 for n 3. Suppose ai,j1 = ai,j2 = · · · = ai,jk = 1, where
1 j1 < j2 < · · · < jk  n. Then f (A[j1, j2, . . . , jk| :]) n by Observation 1. Note that each of the other
n − k rows (except for the j1th, j2th, . . ., jkth rows) has at most k ones. Thus,
f (A) n + k(n − k) = −
[
k − n
2
]2
+ n
2 + 4n
4
(1)
and equality holds if and only if A satisﬁes the following conditions:
Condition (a): Each column of A[j1, j2, . . . , jk| :] has exactly one 1;
Condition (b): Each row of the other n − k rows has k ones.
When n is odd, the right side of (1) attains its maximum n
2+4n−1
4
at k = n+1
2
and k = n−1
2
. When
n is even, the right side of (1) attains its maximum n
2+4n
4
at k = n
2
.
Therefore, when n is odd, f (A) n
2+4n−1
4
and equality holds if and only if k = n+1
2
or k = n−1
2
and
A satisﬁes conditions (a) and (b); when n is even, f (A) n
2+4n
4
and equality holds if and only if k = n
2
and A satisﬁes conditions (a) and (b). Next we only need to consider matrices satisfying conditions (a)
and (b), and determine whether equalities hold under different values of k.
1. n is odd, F(n, 2) = n2+4n−1
4
.
We consider 0–1 matrices of odd order n 3 satisfying conditions (a) and (b), and determine
whether the maximal value n
2+4n−1
4
can be achieved at k = n+1
2
or k = n−1
2
.
Whenn = 3,we get k = 2, f (A) 5 = n2+4n−1
4
, and f (A) = 5 if and only ifA is permutation similar
to
(
1 1 0
0 0 1
1 1 0
)
. Now we consider n 5.
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Case 1. k = n−1
2
.
By simultaneouspermutationsof the rowsandcolumnsofA if necessary,we supposeA =
(
A1 A2
A3 A4
)
∈ Zn, where A1 is of order n−12 , A4 is of order n+12 , each column of (A1, A2) has exactly one 1, and
each row of (A3, A4) has
n−1
2
ones. Since the n−1
2
× n+1
2
0–1 matrix A2 has
n+1
2
ones, at least one
row of A2 has more than one 1. So we suppose ai1 ,l1 = ai1 ,l2 = · · · = ai1 ,lk1 = 1, where 2 k1  n−12 ,
1 i1  n−12 ,
n+1
2
 l1 < l2 < · · · < lk1  n. Then f (A[l1, l2, . . . , lk1 | :]) n byObservation 1. Note that
each row of A[l1, l2, . . . , lk1 | :] has n−12 ones, so n−12 · k1  n, k1  2 + 2n−1  212 , k1  2. Thus k1 = 2.
Suppose A[l1|α] and A[l2|β] are equal to eTn−1
2
, where α, β ∈ Q
n−1
2
n and α ∩ β = ∅. It follows that
each of A[α| :] and A[β| :] has at most n ones, and the other one row has at most n−1
2
ones. Then
f (A) 2n + n−1
2
. When n = 5, we get k = 2, (A1, A2) has only two rows but ﬁve ones which implies
one of the rows has more than two ones, contradicting with the fact that the maximal number of 1’s
in each row is k = 2. Then n 7, and f (A) 2n + n−1
2
< n
2+4n−1
4
. Therefore, f (A) cannot achieve the
maximum n
2+4n−1
4
in this case.
Case 2. k = n+1
2
.
Subcase 1. A has at least one diagonal entry equal to 1 in the rows containing n+1
2
ones.
By simultaneous permutations of the rows and columns of A if necessary, we suppose A =⎛
⎜⎝
J
1, n+1
2
0
1, n−1
2
0 n−1
2
, n+1
2
A1
A2 A3
⎞
⎟⎠ ∈ Zn, where each column of the n−12 × n−12 matrix A1 has exactly one 1 and
each row of (A2, A3) has
n+1
2
ones. Since each row of A
[
1, n+3
2
: n| :
]
has n+1
2
ones, each row of
A
[
: |1, n+3
2
: n
]
has atmost one 1 by Lemma 2. It follows that A
[
n+3
2
: n|2 : n+1
2
]
= A2[: |2 : n+12 ] =
J n−1
2
and A1 is a permutation matrix of order
n−1
2
.
Now we determine (A2, A3). If all the entries of the ﬁrst column of A2 are ones, then each row of
(A2, A3) is equal to the ﬁrst row. That is, A is permutation similar to⎛
⎜⎜⎝
J1, n+1
2
01, n−1
2
0 n−1
2
, n+1
2
I n−1
2
J n−1
2
, n+1
2
0 n−1
2
⎞
⎟⎟⎠ , (2)
where I n−1
2
is an identity matrix of order n−1
2
. Now we suppose there exists an i1
(
n+3
2
 i1  n
)
such
that ai1 ,1 = 0. Then there is exactly one i2
(
n+3
2
 i2  n
)
such that ai1 ,i2 = 1. It follows that the i2th
row has to be equal to the ﬁrst row by Observation 1. This implies that i2 /= i1 and at least one row of
(A2, A3) is equal to the ﬁrst row. Suppose that there are s rows of the last
n−1
2
rows equal to the ﬁrst
row, where 1 s n−3
2
. Thus, A is permutation similar to⎛
⎜⎜⎜⎜⎜⎝
1 J1, n−1
2
01, n−1
2
0 n−1
2
,1 0 n−1
2
P n−1
2
Js,1 Js, n−1
2
0s, n−1
2
0 n−1
2
−s,1 J n−1
2
−s, n−1
2
Y
⎞
⎟⎟⎟⎟⎟⎠ ,
where Y is an
(
n−1
2
− s
)
× n−1
2
0–1 matrix each row of which has exactly one 1 and P n−1
2
is a permu-
tation matrix of order n−1
2
. If there exist i3, i4
(
n+3
2
+ s i3, i4  n
)
such that ai3 ,i4 = 1, then the i4th
row has to be equal to the ﬁrst row byObservation 1, contradiction. Thus, Y
[
: |s + 1 : n−1
2
]
= 0 n−1
2
−s.
Therefore, A is permutation similar to
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⎛
⎜⎜⎜⎜⎜⎝
1 J1, n−1
2
01, n−1
2
0 n−1
2
,1 0 n−1
2
P n−1
2
Js,1 Js, n−1
2
0s 0s, n−1
2
−s
0 n−1
2
−s,1 J n−1
2
−s, n−1
2
X 0 n−1
2
−s
⎞
⎟⎟⎟⎟⎟⎠ , (3)
whereX is an
(
n−1
2
− s
)
× s 0–1matrix each rowofwhich has exactly one 1, and P n−1
2
is a permutation
matrix of order n−1
2
, 1 s n−3
2
. Observe that when s = n−1
2
, (3) covers (2).
Therefore, A is permutation similar to (3) in this subcase, where X is an
(
n−1
2
− s
)
× s 0–1 matrix
each row of which has exactly one 1, and P n−1
2
is a permutation matrix of order n−1
2
, 1 s n−1
2
.
Subcase 2. All the diagonal entries of the rows containing n+1
2
ones of A are 0’s.
By simultaneous permutations of the rows and columns of A if necessary, we suppose A =⎛
⎝01, n−12 J1, n+12
A1 A2
A3 A4
⎞
⎠ ∈ Zn, where A4 is of order n+12 and each column of (A3, A4) has exactly one 1,
and each row of (A1, A2) has
n+1
2
ones and all the diagonal entries of
(
0
1, n−1
2
A1
)
are 0’s. Since each row
of A
[
1 : n−1
2
| :
]
has n+1
2
ones, each row of
(
A1
A3
)
has atmost one 1 by Lemma 2. It follows that each row
of A2 has at least
n−1
2
ones and A3 is permutation similar to
(
P n−1
2
0
1, n−1
2
)
, where P n−1
2
is a permutation
matrix of order n−1
2
. Since A1, A2 and A4 are not determined yet, we may suppose A3 =
(
P n−1
2
0
1, n−1
2
)
without loss of generality.
Suppose there exist i1, i2 such that ai1 ,i2 = 1, where 2 i1  n−12 , 1 i2  n−12 and i1 /= i2. If i2 = 1,
thenA4 has an
n−1
2
× n+1
2
zero submatrixbyObservation1. Thus, all onesofA4 must be in the same row
which means the diagonal entry of this row (containing at least n+1
2
ones) is also one, contradiction.
So i2 /= 1. When n = 5, A1 = 01,2. When n 7, there exists an i3, where 1 i3  n−12 and i2 /= i3,
such that ai2 ,i3 = 1. For the same reason, it is easy to see i3 /= 1. If A
[
i1| n+12 : n
]
/= A
[
i2| n+12 : n
]
,
then A4 has at least one zero column, contradiction. Thus, A
[
i1| n+12 : n
]
= A
[
i2| n+12 : n
]
. Notice that
A
[
i1|1 : n−12
]
/= A
[
i2|1 : n−12
]
and A3 =
(
P n−1
2
0
1, n−1
2
)
. Suppose ai4 ,i3 = 1, where n+12  i4  n. If ai1 ,i4 =
1, then A2[i1|i3] = A[i1| :] · A[: |i3] ai1 ,i2 · ai2 ,i3 + ai1 ,i4 · ai4 ,i3 = 2, contradicting with A2 ∈ Zn. So
ai1 ,i4 = 0. Then ai2 ,i4 = 0. Thus, A
[
i1, i2|
{
n+1
2
: n
}∖
i4
]
= J2, n−1
2
, where
{
n+1
2
: n
}∖
i4 denotes the
indies of the columns of the last n+1
2
columns of A except for the i4th column. For the same reason
as ai2 ,i3 = 1, there exists an i5, where 1 i5  n−12 and i5 /= i3, such that ai3 ,i5 = 1. Suppose ai6 ,i5 = 1,
where n+1
2
 i6  n and i6 /= i4. If ai2 ,i6 = 1, then A2[i2|i5] = A[i2| :] · A[: |i5] ai2 ,i3 · ai3 ,i5 + ai2 ,i6 ·
ai6 ,i5 = 2, contradictingwithA2 ∈ Zn. Soai2 ,i6 = 0. But this contradictswithA
[
i1, i2|
{
n+1
2
: n
}∖
i4
]
=
J2, n−1
2
. Therefore, A1 = 0 n−3
2
, n−1
2
.
Then A2 = J n−3
2
, n+1
2
. Note that A4
[
1 : n−1
2
| :
]
has at least one 1, otherwise, the entries of the last
row of A4 are all ones, contradiction. So we suppose there exist i7, i8
(
n+1
2
 i7  n − 1, n+12  i8  n
)
such that ai7 ,i8 = 1. Thus, A
[
i8| n+12 : n
]
= 01, n+1
2
by Observation 1. This implies that i7 /= i8 and A4
has at least one rowwhose entries are all zeros. If each row of A
[
n+1
2
: n − 1| n+1
2
: n
]
has at least one
1, then A
[
n| n+1
2
: n
]
= 01, n+1
2
and the 1’s in each row of A
[
n+1
2
: n − 1| n+1
2
: n
]
have to be in the last
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column of A4. Since n 5, the last column of A4 has at least two 1’s, contradicting with the fact that
each column of A4 has exactly one 1. So A4
[
1 : n−1
2
| :
]
has at least one rowwhose entries are all zeros.
Thus, by simultaneous row and column permutations if necessary, wemay suppose A
[
n+1
2
: n − 1
| n+1
2
: n
]
= A4
[
1 : n−1
2
| :
]
=
(
W
0 n−1
2
−s, n+1
2
)
, where W is an s × n+1
2
0–1 matrix each row
which has at least one 1, 1 s n−3
2
. If there exist i9, i10
(
n+1
2
 i9, i10  n+12 + s − 1
)
such that
ai9 ,i10 = 1, then A
[
i10| n+12 : n
]
= 01, n+1
2
by Observation 1, contradictingwith the fact that each row of
W has at least one 1. Thus, W[1 : s|1 : s] = 0s. Therefore, we may suppose A4
[
1 : n−1
2
| :
]
=(
0s Y0
0 n−1
2
−s,s 0 n−1
2
−s, n+1
2
−s
)
, where each row of Y0 has at least one 1 and 1 s n−32 .
Observe that the last column of Y0 is a zero column, otherwise, the last row of A4 is a zero row
by Observation 1, the ﬁrst s columns of A4 do not have ones, contradiction. Therefore, we suppose
A4 =
⎛
⎜⎜⎝
0s Y1 0s,1
0 n−1
2
−s,s 0 n−1
2
−s 0 n−1
2
−s,1
J1,s Z 1
⎞
⎟⎟⎠, where each row of the s × ( n−12 − s
)
0–1 matrix Y1 has at
least one 1 and each column of
(
Y1
Z
)
has exactly one 1. This implies that n−1
2
− s s, so 1 s
⌊
n−1
4
⌋
,
where
⌊
n−1
4
⌋
is the largest integer at most n−1
4
.
If Z = eTn−1
2
−s, then the last row of A has
n+1
2
1’s one of which is a diagonal entry of A equal to
1, contradiction. So Z /= eTn−1
2
−s. Suppose t is the maximal integer such that Y1[: |α] = 0s,t , where
0 t  n−1
2
− s − 1 and α ∈ Qtn−1
2
−s. Then Z[: |α] = J1,t . Thus, by simultaneous row and column
permutations if necessary, A is permutation similar to⎛
⎜⎜⎜⎜⎜⎜⎝
0 n−1
2
J n−1
2
,s+t J n−1
2
, n−1
2
−s−t J n−1
2
,1
P n−1
2
0s+t
0 n−1
2
−s−t,s+t
X
0 n−1
2
−s−t
0s+t,1
0 n−1
2
−s−t,1
01, n−1
2
J1,s+t 01, n−1
2
−s−t 1
⎞
⎟⎟⎟⎟⎟⎟⎠
, (4)
where X is an (s + t) ×
(
n−1
2
− s − t
)
0–1 matrix, each row of the ﬁrst s rows of X has at least one 1,
and the last t rows ofX are zero rows, and each columnofX has exactly one 1, and P n−1
2
is a permutation
matrix of order n−1
2
, 1 s + t  n−3
2
.
It is easy to verify that the case s + t = n−1
2
is included in Subcase 1, and “A is permutation similar
to (4)” is equivalent to “AT is permutation similar to (3)”. Moreover, if A or AT is permutation similar
to (3), then f (A) = n2+4n−1
4
.
Combining with the case n = 1 and n = 3, if n is odd, then f (A) n2+4n−1
4
, and equality holds if
and only if A or AT is permutation similar to (3), where X is an
(
n−1
2
− s
)
× s 0–1 matrix each row of
which has exactly one 1, and P n−1
2
is a permutation matrix of order n−1
2
, 1 s n−1
2
.
2. n is even, F(n, 2) = n2+4n
4
.
We consider 0–1 matrices of even order n 4 satisfying conditions (a) and (b), and determine
whether the maximal value n
2+4n
4
can be achieved at k = n
2
.
Subcase 1. A has at least one diagonal entry equal to 1 in the rows containing n
2
ones.
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By simultaneous permutations of the rows and columns of A if necessary, we suppose A =⎛
⎜⎝
J
1, n
2
0
1, n
2
0 n
2
−1, n
2
A1
A2 A3
⎞
⎟⎠ ∈ Zn, where each column of A1 has exactly one 1 and each row of (A2, A3) has n2
ones. SinceA1 is an
(
n
2
− 1
)
× n
2
0–1matrix, at least one rowofA1 hasmore thanone1. Supposeai1 ,l1 =
ai1 ,l2 = · · · = ai1 ,lk1 = 1, where 2 i1, k1  n2 , n2 + 1 l1 < l2 < · · · < lk1  n. Then f (A[l1, l2, . . . ,
lk1 | :]) n by Observation 1. Note that each row of A[l1, l2, . . . , lk1 | :] has n2 ones, so n2 · k1  n, k1  2.
Then k1 = 2. Suppose A[l1|α] and A[l2|β] are equal to eTn
2
, whereα, β ∈ Q
n
2
n andα ∩ β = ∅. It follows
that each of A[α| :] and A[β| :] has at most n ones. Then f (A) 2n n2+4n
4
, and equality holds if and
only if n = 4. It is easy to show that when n = 4, f (A) 8 = n2+4n
4
, and f (A) = 8 if and only if A is
permutation similar to
⎛
⎝1 1 0 00 0 1 1
1 1 0 0
0 0 1 1
⎞
⎠. Now we consider n 6.
Subcase 2. All the diagonal entries of A in the rows containing n
2
ones are 0’s.
By simultaneous permutations of the rows and columns of A if necessary, we suppose
A =
⎛
⎝01, n2 J1, n2A1 A2
A3 A4
⎞
⎠ ∈ Zn, where A4 is of order n2 and each column of (A3, A4) has exactly one 1, and
each row of (A1, A2) has
n
2
ones and all the diagonal entries of
(
0
1, n
2
A1
)
are 0’s.
Suppose there exist 1 i1 < i2  n2 such that A[i1|α] = A[i2|β] = J1, n2 , where α,β ∈ Q
n
2
n and α ∩
β = ∅. Then f (A) = f (A[α| :]) + f (A[β| :]) n + n = 2n < n2+4n
4
for n 6 by Observation 1. Thus,
for every pair of row indices i1, i2 ofAwith 1 i1 < i2  n2 , there exists a positive integer lwith 1 l n
such that ai1 ,l = ai2 ,l = 1. Then each row of A
[
: |1 : n
2
]
has at most one 1 by Observation 1. That is,
each row of
(
A1
A3
)
has at most one 1. It follows that each row of A2 has at least
n
2
− 1 ones and A3 is a
permutation matrix of order n
2
.
For the same reason as in Subcase 2 of the case k = n+1
2
, we get A1 = 0 n
2
−1, n
2
. Then A2 = J n
2
−1, n
2
.
Since each column of A4 has exactly one 1, there exist i3, i4
(
n
2
+ 1 i3, i4  n
)
such that ai3 ,i4 = 1.
Then A
[
i4| n2 + 1 : n
]
= 01, n
2
by Observation 1. This implies that i3 /= i4 and A4 has at least one row
whose entries are all zeros. Thus, A4 is permutation similar to
(
Y
0 n
2
−s, n
2
)
, where each column of the
s × n
2
0–1 matrix Y has exactly one 1, and each row of Y has at least one 1, 1 s n
2
− 1. It is easy to
see Y[1 : s|1 : s] = 0s by Observation 1. Thus, A4 is permutation similar to
(
0s X
0 n
2
−s,s 0 n
2
−s
)
, where
each column of the s ×
(
n
2
− s
)
0–1 matrix X has exactly one 1, and each row of X has at least one 1,
1 s n
2
− 1. Thus, the ﬁrst s columns of A4 are all 0’s, contradicting with the fact that each column
of A4 has exactly one 1. Thus, the maximum
n2+4n
4
cannot be achieved in this subcase.
Therefore, when n 6 is even, the maximal value n
2+4n
4
cannot be achieved, i.e., f (A) n
2+4n−4
4
.
Moreover, this maximal value n
2+4n−4
4
may be achieved by 0–1 matrices having one less 1 than those
satisfying conditions (a) and (b) at k = n
2
or by 0–1 matrices satisfying conditions (a) and (b) at k =
n
2
± 1.
3. n is even, F(n, 2) = n2+4n−4
4
.
Case 1. k = n
2
.
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Nowweconsider 0–1matrices of even ordern 6having one less 1 than those satisfying conditions
(a) and (b) at k = n
2
. In fact, we will show that if A ∈ Zn of even order n 8 has one less 1 than those
satisfying conditions (a) and (b) at k = n
2
, thenAT has a rowwith k = n
2
+ 1 ones. Thus, the case k = n
2
will be converted into the case k = n
2
+ 1 for n 8.
Subcase 1. A has at least one diagonal entry equal to 1 in the rows containing n
2
ones.
(I) By simultaneous permutations of the rows and columns of A if necessary, we suppose A =⎛
⎜⎝
J
1, n
2
0
1, n
2
0 n
2
−1, n
2
A1
A2 A3
⎞
⎟⎠ ∈ Zn, where one column of A1 is a zero column and each column of the other n2 − 1
columns of A1 has exactly one 1, and each row of (A2, A3) has
n
2
ones.
Suppose there exist i1, i2,α,β ,where i1, i2 ∈
{
1, n
2
+ 1 : n
}
and i1 < i2,α,β ∈ Q
n
2
n , andα ∩ β = ∅,
such that A[i1|α] = A[i2|β] = J1, n
2
. Then f (A) = f (A[α| :]) + f (A[β| :]) 2n < n2+4n−4
4
for n 6 by
Observation 1, the maximum n
2+4n−4
4
cannot be achieved. Then for every pair of row indices i3, i4 ∈{
1, n
2
+ 1 : n
}
, there exists a positive integer lwith 1 l n such that ai3 ,l = ai4 ,l = 1. Thus, each row
of A
[
: |1, n
2
+ 1 : n
]
has atmost one 1 byObservation 1. Then A
[
n
2
+ 1 : n|2 : n
2
]
= J n
2
, n
2
−1. Therefore,
each column of A
[
: |2 : n
2
]
has n
2
+ 1 ones, i.e., each row of AT
[
2 : n
2
| :
]
has n
2
+ 1 ones.
(II) By simultaneous permutations of the rows and columns of A if necessary, we suppose A =⎛
⎜⎝
J
1, n
2
0
1, n
2
0 n
2
−1, n
2
A1
A2 A3
⎞
⎟⎠ ∈ Zn, where each column of A1 has exactly one 1, and one row of (A2, A3) has n2 − 1
ones and each row of the other n
2
− 1 rows of (A2, A3) has n2 ones.
When n = 6, A is permutation similar to
⎛
⎜⎜⎜⎜⎜⎜⎝
1 1 1 0 0 0
0 0 0 1 1 0
0 0 0 0 0 1
a1 1 1 0 0 1 − a1
0 0 0 a2 1 1 − a2
a3 a4 1 1 − a3 1 − a4 0
⎞
⎟⎟⎟⎟⎟⎟⎠
, (5)
or ⎛
⎜⎜⎜⎜⎜⎜⎝
1 1 1 0 0 0
0 0 0 1 1 0
0 0 0 0 0 1
0 0 1 1 1 0
1 1 0 0 0 0
a5 1 1 0 1 − a5 0
⎞
⎟⎟⎟⎟⎟⎟⎠
, (6)
where a1, a2, a3, a4, a5 ∈ {0, 1}, but if a1 = 0 then a2 = a3 = a4 = 1, and if a2 = 0 then a1 = a4 = 1.
Now we consider n 8. Suppose there exist i1, i2,α,β , where i1, i2 ∈
{
1, n
2
+ 1 : n
}
and i1 /= i2,
α ∈ Q
n
2
n , β ∈ Q
n
2
−1
n , and α ∩ β = ∅, such that A[i1|α] = J1, n
2
, A[i2|β] = J1, n
2
−1. Then f (A) = f (A[α| :
]) + f (A[β| :]) + f (A[{1 : n}\{α,β}| :]) 2n + n
2
< n
2+4n−4
4
for n 8 by Observation 1, where {1 :
n}\{α,β} denotes the index of the row of A obtained by deleting the rows indexed by α,β , the maxi-
mum n
2+4n−4
4
cannot be achieved. Therefore, for every pair of row indices i3, i4 ∈
{
1, n
2
+ 1 : n
}
, there
exists a positive integer lwith 1 l n such that ai3 ,l = ai4 ,l = 1. Thus, each row of A
[
: |1, n
2
+ 1 : n
]
has at most one 1 by Observation 1.
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Then at least n
2
− 1 rows of A2
[
: |2 : n
2
]
have all entries equal to 1, and the other one row has at
least n
2
− 2 ones. It follows that A2
[
: |2 : n
2
]
has at least one column equal to e n
2
. Therefore, at least
one row of AT
[
2 : n
2
| :
]
has n
2
+ 1 ones.
Subcase 2. All the diagonal entries of A in the rows containing n
2
ones are 0’s.
(I) By simultaneous permutations of the rows and columns of A if necessary, we suppose A =⎛
⎜⎝
0
1, n
2
J
1, n
2
A1 A2
A3 A4
⎞
⎟⎠ ∈ Zn, where A4 is of order n2 , one column of (A3, A4) is a zero column, and each column
of the other n − 1 columns of (A3, A4) has exactly one 1, and each row of (A1, A2) has n2 ones and all
the diagonal entries of
(
0
1, n
2
A1
)
are 0’s.
Suppose thereexist i1, i2,α,β ,where1 i1 < i2  n2 ,α,β ∈ Q
n
2
n , andα ∩ β = ∅, such thatA[i1|α] =
A[i2|β] = J1, n
2
. Then f (A) = f (A[α| :]) + f (A[β| :]) 2n < n2+4n−4
4
for n 6 by Observation 1, the
maximum n
2+4n−4
4
cannot be achieved. Thus, for every pair of row indices i3, i4 of A
[
1 : n
2
| :
]
with
1 i3 < i4  n2 , there exists a positive integer lwith 1 l n such that ai3 ,l = ai4 ,l = 1. Then each row
of A
[
: |1 : n
2
]
has at most one 1 by Observation 1.
Thus, each row of A2 has at least
n
2
− 1 ones. It follows that f (A2)
(
n
2
− 1
)
·
(
n
2
− 1
)
= n2
4
− n +
1, and A2 has at least one column equal to e n
2
−1, otherwise, f (A2)
(
n
2
− 2
)
· n
2
<
(
n
2
− 1
)
·
(
n
2
− 1
)
,
contradiction.
Suppose A2 has exactly one column equal to e n
2
−1, and the corresponding column in A4 is the only
zero column of (A3, A4). Then f (A2)
(
n
2
− 1
)
+
(
n
2
− 2
)
·
(
n
2
− 1
)
= n2
4
− n + 1. Thus, f (A2) =
n2
4
− n + 1. It follows that each row of A2 has exactly n2 − 1 ones, and each row of A1 has exactly
one 1, and each column of the other n
2
− 1 columns of A2 except for the column equal to e n
2
−1 has
exactly n
2
− 2 ones. Then all the zeros of A2 are in different rows and different columns. Thus, any two
rows of A2 are different in exactly two columns. So we suppose
ai1 ,i3 = ai1 ,l1 = · · · = ai1 ,l n
2
−2 = ai1 ,l n
2
−1 = ai2 ,i4 = ai2 ,l1 = · · · = ai2 ,l n
2
−2 = ai2 ,l′n
2
−1
= 1,
where 2 i1 < i2  n2 , 1 i3, i4 
n
2
, and l1, . . . , l n
2
−2, l n
2
−1, l′n
2
−1 ∈
{
n
2
+ 1 : n
}
are distinct. Then each
column of A
[
i3, l1, . . . , l n
2
−2, l n
2
−1| n2 + 1 : n
]
and A
[
i4, l1, . . . , l n
2
−2, l′n
2
−1| n2 + 1 : n
]
has at most one
1 by Observation 1. Note that each of A
[
i3| n2 + 1 : n
]
and A
[
i4| n2 + 1 : n
]
(i3, i4 may be equal) has
at least n
2
− 1 ones. Then each of A
[
l1, . . . , l n
2
−2, l n
2
−1| n2 + 1 : n
]
and A
[
l1, . . . , l n
2
−2, l′n
2
−1| n2 + 1 : n
]
has an
(
n
2
− 1
)
×
(
n
2
− 1
)
zero matrix. Since l n
2
−1 /= l′n
2
−1, A4 has at least
n
2
− 2 zero columns. Note
that A4 has exactly one zero column, we get
n
2
− 2 1, n 6. So n = 6. By simultaneous permutations
of the rows and columns of A if necessary, we suppose A =
⎛
⎜⎜⎜⎝
0 0 0 1 1 1
? 0 ? 1 1 0
? ? 0 1 0 1
? ? ? 0 ? ?
? ? ? 0 ? ?
? ? ? 0 ? ?
⎞
⎟⎟⎟⎠ ∈ Z6, where
? ∈ {0, 1}, each rowof A[2, 3|1 : 3] has exactly one 1, and each column of A[4 : 6|1 : 3, 5, 6] has exactly
one 1. Suppose a21 = 1. Then a23 = 0, and A[4, 5|4 : 6] = 02,3 by Observation 1. So a65 = a66 = 1. If
a31 = 1, thena32 = 0, andA[4, 6|4 : 6] = 02,3 byObservation1, contradiction. Soa31 = 0anda32 = 1.
Then A[4, 6|4, 5] = 02 by Observation 1, contradiction too. Thus, a21 = 0. Similarly, a31 = 0. Then
a23 = a32 = 1. Thus, A[4, 5|4, 6] = A[4, 6|4, 5] = 02 by Observation 1. It follows that a55 = a66 = 1.
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Then A =
⎛
⎜⎜⎜⎝
0 0 0 1 1 1
0 0 1 1 1 0
0 1 0 1 0 1
1 0 0 0 0 0
0 0 1 0 1 0
0 1 0 0 0 1
⎞
⎟⎟⎟⎠ by Observation 1. It is easy to see that AT is permutation similar
to (6), where a5 = 0.
Thus, when n 8, A2 has at least two columns equal to e n
2
−1, or A2 has exactly one column equal
to e n
2
−1 and the corresponding column in A4 has exactly one 1. Therefore, at least one column of
A
[
: | n
2
+ 1 : n
]
has n
2
+ 1 ones, i.e., at least one row of AT
[
n
2
+ 1 : n| :
]
has n
2
+ 1 ones.
(II) By simultaneous permutations of the rows and columns of A if necessary, we suppose A =⎛
⎜⎝
0
1, n
2
J
1, n
2
A1 A2
A3 A4
⎞
⎟⎠ ∈ Zn, where A4 is of order n2 and each column of (A3, A4) has exactly one 1, and one row
of (A1, A2) has
n
2
− 1 ones and each row of the other n
2
− 2 rows of (A1, A2) has n2 ones, and all the
diagonal entries of A in these n
2
− 2 rows containing n
2
ones are 0’s.
When n = 6, A is permutation similar to the transposition of (5) or the transposition of (6), where
a1, a2, a3, a4, a5 ∈ {0, 1}, but if a1 = 0 then a2 = a3 = a4 = 1, and if a2 = 0 then a1 = a4 = 1. Then
AT is permutation similar to (5) or (6), where a1, a2, a3, a4, a5 ∈ {0, 1}, but if a1 = 0 then a2 = a3 =
a4 = 1, and if a2 = 0 then a1 = a4 = 1.
Now we consider n 8. Suppose there exist i1, i2,α,β , where 1 i1 /= i2  n2 , α ∈ Q
n
2
n , β ∈ Q
n
2
−1
n ,
and α ∩ β = ∅, such that A[i1|α] = J1, n
2
, A[i2|β] = J1, n
2
−1. Then f (A) = f (A[α| :]) + f (A[β| :]) +
f (A[{1 : n}\{α,β}| :]) 2n + n
2
< n
2+4n−4
4
for n 8 by Observation 1, where {1 : n}\{α,β} denotes
the index of the row of A obtained by deleting the rows indexed by α,β , the maximum n
2+4n−4
4
cannot be achieved. Therefore, for every pair of row indices i3, i4 of A
[
1 : n
2
| :
]
with 1 i3 < i4  n2 ,
there exists a positive integer l with 1 l n such that ai3 ,l = ai4 ,l = 1. Thus, each row of A
[
: |1 : n
2
]
has at most one 1 by Observation 1.
Then there are at least n
2
− 2 rows ofA2 each ofwhich has at least n2 − 1 ones, and the other one row
has at least n
2
− 2 ones. It follows that f (A2)
(
n
2
− 2
)
·
(
n
2
− 1
)
+ n
2
− 2 = n2
4
− n. Suppose each
column of A2 has at most
n
2
− 2 ones. Then f (A2)
(
n
2
− 2
)
· n
2
= n2
4
− n. Thus, f (A2) = n24 − n. It
follows that each column of A2 has exactly
n
2
− 2 ones, and one row of A2 has exactly n2 − 2 ones,
and each of the other n
2
− 2 ( 2) rows has exactly n
2
− 1 ones. Then each row of A1 has exactly
one 1, each column of A2 has exactly one 0, and one row of A2 has two 0’s, and each of the other
n
2
− 2 rows of A2 has one 0. Since n 8, there exist 2 i1 < i2  n2 , 1 i3, i4  n2 and distinct integers
l1, . . . , l n
2
−2, l n
2
−1, l′n
2
−1 ∈
{
n
2
+ 1 : n
}
such that
ai1 ,i3 = ai1 ,l1 = · · · = ai1 ,l n
2
−2 = ai1 ,l n
2
−1 = ai2 ,i4 = ai2 ,l1 = · · · = ai2 ,l n
2
−2 = ai2 ,l′n
2
−1
= 1.
Then each column of A
[
i3, l1, . . . , l n
2
−2, l n
2
−1| n2 + 1 : n
]
and A
[
i4, l1, . . . , l n
2
−2, l′n
2
−1| n2 + 1 : n
]
has at
most one 1 by Observation 1.
Suppose i3 = i4. Note that A
[
i3| n2 + 1 : n
] (
= A
[
i4| n2 + 1 : n
])
has at least n
2
− 2 ones, then each
ofA
[
l1, . . . , l n
2
−2, l n
2
−1| n2 + 1 : n
]
andA
[
l1, . . . , l n
2
−2, l′n
2
−1| n2 + 1 : n
]
hasan
(
n
2
− 1
)
×
(
n
2
− 2
)
zero
matrix, and all the zero columns of these two
(
n
2
− 1
)
×
(
n
2
− 2
)
zeromatrices are in the same n
2
− 2
columnsofA. Since l n
2
−1 /= l′n
2
−1,A4 has at least
n
2
− 2 2zero columns, contradiction. So i3 /= i4. Then
one row of A
[
i3, i4| n2 + 1 : n
]
has at least n
2
− 1 ones and the other row has at least n
2
− 2 ones. Then
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oneofA
[
l1, . . . , l n
2
−2, l n
2
−1| n2 + 1 : n
]
andA
[
l1, . . . , l n
2
−2, l′n
2
−1| n2 + 1 : n
]
has an
(
n
2
− 1
)
×
(
n
2
− 1
)
zero matrix while the other one of them has an
(
n
2
− 1
)
×
(
n
2
− 2
)
zero matrix. Since l n
2
−1 /= l′n
2
−1,
A4 has at least
n
2
− 3 1 zero columns, contradiction too.
Thus, when n 8, A2 has at least one column containing n2 − 1 ones. Then A has at least one column
containing n
2
+ 1 ones by noticing that each columnofA
[
1, n
2
+ 1 : n| n
2
+ 1 : n
]
has exactly two ones.
That is, at least one row of AT has n
2
+ 1 ones.
Therefore, when n = 6, part of the case k = n
2
will be transformed into the case k = n
2
+ 1, and
in the other part, A or AT is permutation similar to (5) or (6), where a1, a2, a3, a4, a5 ∈ {0, 1}, but if
a1 = 0 then a2 = a3 = a4 = 1, and if a2 = 0 then a1 = a4 = 1; when n 8, the case k = n2 will be
transformed into the case k = n
2
+ 1.
Case 2. k = n
2
− 1.
Bysimultaneouspermutationsof the rowsandcolumnsofA if necessary,wesupposeA =
(
A1 A2
A3 A4
)
∈ Zn, where A1 is of order n2 − 1, each column of (A1, A2) has exactly one 1 and each rowof (A3, A4) has
n
2
− 1 ones. Since A2 is an
(
n
2
− 1
)
×
(
n
2
+ 1
)
0–1matrix, at least one row of A2 has more than one 1.
Suppose ai1 ,l1 = ai1 ,l2 = · · · = ai1 ,lk1 = 1, where 2 k1  n2 − 1, 1 i1  n2 − 1 < n2  l1 < l2 < · · ·
< lk1  n. Then f (A[l1, l2, . . . , lk1 | :]) n byObservation 1. Note that each rowof A[l1, l2, . . . , lk1 | :] has
n
2
− 1 ones, so
(
n
2
− 1
)
· k1  n, k1  2 + 4n−2 . Thenwhen n > 6, k1 = 2. Suppose A[l1|α] and A[l2|β]
are equal to eTn
2
−1, where α, β ∈ Q
n
2
−1
n and α ∩ β = ∅. It follows that each of A[α| :] and A[β| :]
has at most n ones by Observation 1, and each of the other two rows has at most n
2
− 1 ones. Then
f (A) 2n + 2 ·
(
n
2
− 1
)
= 3n − 2 < n2+4n−4
4
. When n = 6, k = 2, (A1, A2) has 6 ones but only two
rows which means at least one row has more than 2 ones, contradicting with k = 2. Therefore, when
k = n
2
− 1, f (A) cannot achieve the maximum n2+4n−4
4
.
Case 3. k = n
2
+ 1.
Subcase 1. A has at least one diagonal entry equal to 1 in the rows containing n
2
+ 1 ones.
By simultaneous permutations of the rows and columns of A if necessary, we suppose
A =
⎛
⎜⎝
J
1, n
2
+1 01, n
2
−1
0 n
2
, n
2
+1 A1
A2 A3
⎞
⎟⎠ ∈ Zn, where A3 is of order n2 − 1 and each row of (A2, A3) has n2 + 1 ones,
and each column of A1 has exactly one 1. Since each row of A
[
1, n
2
+ 2 : n| :
]
has n
2
+ 1 ones, each
row of A
[
: |1, n
2
+ 2 : n
]
has at most one 1 by Lemma 2. It follows that A
[
n
2
+ 2 : n|2 : n
2
+ 1
]
=
A2
[
: |2 : n
2
+ 1
]
= J n
2
−1, n
2
and A1 is permutation similar to
(
P n
2
−1
0
1, n
2
−1
)
, where P n
2
−1 is a permutation
matrix of order n
2
− 1. Since A2, A3 are not determined yet, we may suppose A1 =
(
P n
2
−1
0
1, n
2
−1
)
without
loss of generality.
Now we determine (A2, A3). If all the entries of the ﬁrst column of A2 are ones, then each row of
(A2, A3) is equal to the ﬁrst row. That is, A is permutation similar to⎛
⎜⎜⎜⎜⎝
J1, n
2
+1 01, n
2
−1
0 n
2
−1, n
2
+1 I n
2
−1
01, n
2
+1 01, n
2
−1
J n
2
−1, n
2
+1 0 n
2
−1
⎞
⎟⎟⎟⎟⎠ , (7)
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where I n
2
−1 is an identity matrix of order n2 − 1. Now we suppose there exists an i1
(
n
2
+ 2 i1  n
)
such that ai1 ,1 = 0. Then there is exactly one i2
(
n
2
+ 2 i2  n
)
such that ai1 ,i2 = 1. It follows that
the i2th row has to be equal to the ﬁrst row by Observation 1. This implies that i2 /= i1 and at least
one row of (A2, A3) is equal to the ﬁrst row. Suppose that there are s rows equal to the ﬁrst row, where
1 s n
2
− 2. Thus, A3 is permutation similar to
(
0
s, n
2
−1
Y
)
, where Y is an
(
n
2
− 1 − s
)
×
(
n
2
− 1
)
0–
1 matrix each row of which has exactly one 1. It is easy to show Y
[
: |s + 1 : n
2
− 1
]
= 0 n
2
−1−s by
Observation 1. Therefore, A is permutation similar to⎛
⎜⎜⎜⎜⎜⎜⎝
1 J1, n
2
01, n
2
−1
0 n
2
,1 0 n
2
P n
2
−1
01, n
2
−1
Js,1 Js, n
2
0s 0s, n
2
−1−s
0 n
2
−1−s,1 J n
2
−1−s, n
2
X 0 n
2
−1−s
⎞
⎟⎟⎟⎟⎟⎟⎠
, (8)
where X is an
(
n
2
− 1 − s
)
× s 0–1 matrix each row of which has exactly one 1, and P n
2
−1 is a
permutation matrix of order n
2
− 1, 1 s n
2
− 2. Observe that when s = n
2
− 1, (8) covers (7).
Therefore, A is permutation similar to (8) in this subcase, where X is an
(
n
2
− 1 − s
)
× s 0–
1 matrix each row of which has exactly one 1, and P n
2
−1 is a permutation matrix of order n2 − 1,
1 s n
2
− 1.
In particular, when n = 6, A is permutation similar to⎛
⎜⎜⎜⎜⎝
1 J1,3 01,2
03,1 03
P2
01,2
Js,1 Js,3 0s 0s,2−s
02−s,1 J2−s,3 X 02−s
⎞
⎟⎟⎟⎟⎠ , (8′)
where X is a (2 − s) × s 0–1 matrix each row of which has exactly one 1, and P2 is a permutation
matrix of order 2, s = 1 or 2.
Subcase 2. All the diagonal entries of A in the rows containing n
2
+ 1 ones are 0’s.
By simultaneous permutations of the rows and columns of A if necessary, we suppose A =⎛
⎝01, n2−1 J1, n2+1A1 A2
A3 A4
⎞
⎠ ∈ Zn, where A4 is of order n2 + 1 and each column of (A3, A4) has exactly one 1, and
each row of (A1, A2) has
n
2
+ 1 ones and all the diagonal entries of
(
0
1, n
2
−1
A1
)
are 0’s. Since each row of
A
[
1 : n
2
− 1| :
]
has n
2
+ 1 ones, each row of
(
A1
A3
)
has at most one 1 by Lemma 2. It follows that each
row of A2 has at least
n
2
ones and A3 is permutation similar to
(
P n
2
−1
0
2, n
2
−1
)
, where P n
2
−1 is a permutation
matrix of order n
2
− 1. SinceA1, A2, A4 arenot determinedyet,wemay supposeA3 =
(
P n
2
−1
0
2, n
2
−1
)
without
loss of generality.
For the same reason as in Subcase 2 of the case k = n+1
2
, we get A1 = 0 n
2
−2, n
2
−1. Then A2 =
J n
2
−2, n
2
+1. Now we determine (A3, A4). If the ﬁrst n2 − 1 rows of A4 are zeros, then A is permutation
similar to⎛
⎜⎜⎝
0 n
2
−1 J n
2
−1, n
2
+1
P n
2
−1 0 n
2
−1, n
2
+1
02, n
2
−1 X
⎞
⎟⎟⎠ , (9)
where each column of the 2 ×
(
n
2
+ 1
)
0–1 matrix X has exactly one 1.
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Now we suppose there exist i1, i2, where
n
2
 i1  n − 2, n2  i2  n, such that ai1 ,i2 = 1. Then
A
[
i2| n2 : n
]
= 01, n
2
+1 by Observation 1. Thus, i1 /= i2 and A4 has at least one rowwhose entries are all
zeros.
If each row of A
[
n
2
: n − 2| n
2
: n
]
has at least one 1, then the 1’s in each row of A
[
n
2
: n − 2| n
2
: n
]
have to be in the last two columns of A4. Since n 6 and each column of A4 has exactly one 1, each
column of A
[
n
2
: n − 2|n − 1, n
]
has at least one 1. Thus, A
[
n − 1, n| n
2
: n
]
= 02, n
2
. It follows that the
ﬁrst n
2
− 1 columns of A4 are zero columns, contradicting with the fact that each column of A4 has
exactly one 1. Thus, the ﬁrst n
2
− 1 rows of A4 has at least one zero row, we suppose the ﬁrst n2 − 1
rows of A4 has s0 rows each of which has at least one 1, where 1 s0 
n
2
− 2.
Thus, by simultaneous row and column permutations if necessary, we may suppose A
[
n
2
: n − 2
| n
2
: n
]
= A4
[
1 : n
2
− 1| :
]
=
(
W
0 n
2
−1−s0 , n2+1
)
, where each row of the s0 ×
(
n
2
+ 1
)
matrix W has at
least one 1 and 1 s0  n2 − 2. It is easy to see thatW[1 : s0|1 : s0] = 0s0 by Observation 1.
Therefore, we may suppose A4
[
1 : n
2
− 1| :
]
=
(
0s0 Y0
0 n
2
−1−s0 ,s0 0 n2−1−s0 , n2+1−s0
)
, where each row
of the s0 ×
(
n
2
+ 1 − s0
)
matrix Y0 has at least one 1 and 1 s0  n2 − 2.
Observe that the last two columns of Y0 has at least one zero column, otherwise, the last two
rows of A4 are zero rows, the ﬁrst s0 columns of A4 do not have ones, contradiction. Therefore, we
suppose A4 =
⎛
⎝ 0s0 Y1 Y2 0s0 ,10 n
2
−1−s0 ,s0 0 n2−1−s0 0 n2−1−s0 ,1 0 n2−1−s0 ,1
Z1 Z2 Z3 Z4
⎞
⎠, where each row of (Y1 Y2) has at
least one 1, and each columnof Z1,
(
Y1
Z2
)
,
(
Y2
Z3
)
and Z4 has exactly one1. This implies that s0  n2 − 1 − s0 .
So 1 s0 
⌊
n−2
4
⌋
, where
⌊
n−2
4
⌋
is the largest integer at most n−2
4
.
Suppose r is the maximal integer such that Y1[: |α] = 0s0 ,r , where 0 r  n2 − 2 − s0 and α ∈
Qrn
2
−1−s0 . Then each column of Z2[: |α] has exactly one 1. Thus, by simultaneous row and column
permutations if necessary, we suppose
A4 =
⎛
⎜⎜⎝
0s0+r Y ′1 Y2 0s0+r,1
0 n
2
−1−s0−r,s0+r 0 n2−1−s0−r 0 n2−1−s0−r,1 0 n2−1−s0−r,1
Z′1 02, n2−1−s0−r Z3 Z4
⎞
⎟⎟⎠ ,
where each row of the ﬁrst s0 rows of
(
Y ′1 Y2
)
has at least one 1, and each row of the last r rows of(
Y ′1 Y2
)
are zero rows, and each column of Z′1, Y ′1,
(
Y2
Z3
)
and Z4 has exactly one 1, 1 s0 + r  n2 − 2.
Note that if Y2 has exactly one 1, then the (n − 1)th row of A is a zero row. Thus, by simultaneous
row and column permutations if necessary, we suppose
A4 =
⎛
⎜⎜⎝
0s0+r X 0s0+r,t
0 n
2
+1−s0−r−t,s0+r 0 n2+1−s0−r−t 0 n2+1−s0−r−t,t
Y 0t, n
2
+1−s0−r+t Z
⎞
⎟⎟⎠

⎛
⎜⎝
0s X 0s,t
0 n
2
+1−s−t,s 0 n
2
+1−s−t 0 n
2
+1−s−t,t
Y 0t, n
2
+1−s+t Z
⎞
⎟⎠ , (10)
where each column of the s ×
(
n
2
+ 1 − s − t
)
0–1matrix X , the t × s 0–1matrix Y and the t × t 0–1
matrix Z has exactly one 1, 1 s n
2
− 2, t = 1 or 2.
Thus, A is permutation similar to
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⎛
⎜⎜⎝
0 n
2
−1 J n
2
−1, n
2
+1
P n
2
−1
02, n
2
−1 A4
⎞
⎟⎟⎠ , (11)
where A4 is as (10).
Note that when s = n
2
− 1, (11) covers (9). Thus, A is permutation similar to⎛
⎜⎜⎜⎜⎝
0 n
2
−1 J n2−1,s J n2−1, n2+1−s−t J n2−1,t
P n
2
−1
0s X 0s,t
0 n
2
+1−s−t,s 0 n
2
+1−s−t 0 n
2
+1−s−t,t
02, n
2
−1 Y 0t, n2+1−s−t Z
⎞
⎟⎟⎟⎟⎠ , (12)
where each column of the s ×
(
n
2
+ 1 − s − t
)
0–1matrix X , the t × s 0–1matrix Y and the t × t 0–1
matrix Z has exactly one 1, and P n
2
−1 is a permutationmatrix of order n2 − 1, 1 s n2 − 1, t = 1 or 2.
In particular, when n = 6, A is permutation similar to⎛
⎜⎜⎜⎝
02 J2,s J2,4−s−t J2,t
P2
0s X 0s,t
04−s−t,s 04−s−t 04−s−t,t
02,2 Y 0t,4−s−t Z
⎞
⎟⎟⎟⎠ , (12′)
where each column of the s × (4 − s − t) 0–1 matrix X , the t × s 0–1 matrix Y and the t × t 0–1
matrix Z has exactly one 1, and P2 is a permutation matrix of order 2, s, t = 1 or 2.
When n = 6, if A or AT is permutation similar to (5) or (6), or A or AT is permutation similar
to (8′) or (12′), then f (A) = 14. When n 8, if A or AT is permutation similar to (8) or (12), then
f (A) = n2+4n−4
4
.
Combining with the case k = n
2
, when n = 6, f (A) 14, and equality holds if and only if A or AT is
permutation similar to (5) or (6), where a1, a2, a3, a4, a5 ∈ {0, 1}, but if a1 = 0 then a2 = a3 = a4 = 1,
and if a2 = 0 then a1 = a4 = 1; or A or AT is permutation similar to (8′), where X is a (2 − s) × s
0–1 matrix each row of which has exactly one 1, and P2 is a permutation matrix of order 2, s = 1, or
2; or A or AT is permutation similar to (12′), where each column of the s × (4 − s − t) 0–1 matrix
X , the t × s 0–1 matrix Y and the t × t 0–1 matrix Z has exactly one 1, and P2 is a permutation
matrix of order 2, s, t = 1 or 2. When n 8 is even, f (A) n2+4n−4
4
, and equality holds if and only if
A or AT is permutation similar to (8), where each row of the
(
n
2
− 1 − s
)
× s matrix X has exactly
one 1, and P n
2
−1 is a permutation matrix of order n2 − 1, 1 s n2 − 1; or A or AT is permutation
similar to (12), where each column of the s ×
(
n
2
+ 1 − s − t
)
0–1 matrix X , the t × s 0–1 matrix
Y and the t × t 0–1 matrix Z has exactly one 1, and P n
2
−1 is a permutation matrix of order n2 − 1,
1 s n
2
− 1, t = 1 or 2. 
3. Examples and remarks
Now we consider some examples of the maximizing matrices. Suppose
A =
(
0s+1,s Js+1
Is 0s,s+1
)
∈ Zn,
n = 2s + 1, where s is a positive integer. Then f (A) = (s + 1)2 + s = n2+4n−1
4
and A2 ∈ Zn. Suppose
B =
⎛
⎝0s,s−1 Js,s+1Is−1 0s−1,s+1
01,s−1 01,s+1
⎞
⎠ ∈ Zn,
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n = 2s and n /= 4, where s 3 is a positive integer. Then f (B) = s(s + 1) + s − 1 = n2+4n−4
4
and
B2 ∈ Zn.
We remark that not every A ∈ Γ (n, 2) can be obtained from the maximizing matrices by the three
operations: changing some 1’s to 0’s, permutation similarity transforms, or transposition. Here is an
example. If A ∈ Γ (3, 2), then f (A) ≤ 5, and f (A) = 5 if and only if A or AT is permutation similar to
B =
⎛
⎝1 1 00 0 1
1 1 0
⎞
⎠
according to Theorem 2. It is easy to check that
C =
⎛
⎝1 1 10 0 0
0 0 0
⎞
⎠ ∈ Γ (3, 2), D =
⎛
⎝1 1 00 0 1
0 0 1
⎞
⎠ ∈ Γ (3, 2)
and C, DPBPT for any permutation matrix P.
One may conjecture that
· · · ⊆ Γ (n, 4) ⊆ Γ (n, 3) ⊆ Γ (n, 2).
But this is not true. The following examples indicate that Γ (n, 3) and Γ (n, 2) have no inclusion
relations.
Let
A1 =
⎛
⎝0 1 11 0 0
0 1 1
⎞
⎠ .
Then
A21 =
⎛
⎝1 1 10 1 1
1 1 1
⎞
⎠ , A31 =
⎛
⎝1 2 21 1 1
1 2 2
⎞
⎠ .
So Γ (n, 2)Γ (n, 3).
Let
A2 =
⎛
⎜⎜⎝
0 1 1 1
0 0 1 1
0 0 0 1
0 0 0 0
⎞
⎟⎟⎠ .
Then
A22 =
⎛
⎜⎜⎝
0 0 1 2
0 0 0 1
0 0 0 0
0 0 0 0
⎞
⎟⎟⎠ , A32 =
⎛
⎜⎜⎝
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
⎞
⎟⎟⎠ .
So Γ (n, 3)Γ (n, 2).
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